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A Monte Carlo ~MC! study is made of the second virial coefficient A2 for polymers using two freely
rotating chains, each of bond angle 109°, with the Lennard-Jones 6-12 intramolecular and
intermolecular potentials between beads in a cutoff version for the number of bonds in the chain
ranging from 6 to 1000 in the Q and good-solvent conditions. It is found that effects of chain ends
on A2 are appreciable for small molecular weight M , as was expected, and that the second virial
coefficient A2,Q at the Q temperature, at which the ratio ^S2&/M of the mean-square radius of
gyration ^S2& to M becomes a constant independent of M for very large M , remains slightly
negative even for such large ~but finite! M where the effects of chain ends disappear. Such behavior
of A2,Q , which cannot be explained within the framework of the binary cluster theory, is shown to
be understandable if possible effects of three-segment interactions are considered. The present MC
data for A2 ~along with the previous ones for ^S2&) may then be consistently explained by the
existent theory based on the helical wormlike chain model only if a minor correction is made to the
theoretical A2,Q in almost the same range where the effects of chain ends are appeciable. The present
MC data are also compared with experimental data, and it is shown that the latter may also be
similarly explained. © 2003 American Institute of Physics. @DOI: 10.1063/1.1579682#
I. INTRODUCTION
In a previous paper,1 Paper I of this series, possible ef-
fects of chain stiffness and chain ends on the mean-square
radius of gyration ^S2& of a polymer chain have been inves-
tigated as a first step of a study of those effects on the intra-
and intermolecular excluded-volume effects by Monte Carlo
~MC! simulation on the basis of the freely rotating chain2,3
with a cutoff version1 of the Lennard-Jones ~LJ! 6-12
potential4 between beads. As was expected, the effects of
chain ends on ^S2& and therefore on the gyration-radius ex-
pansion factor aS as defined as the square root of the ratio of
^S2& to its unperturbed value ^S2&0 have been found to be
negligibly small. This result is due to the fact that the prob-
ability of intramolecular contact is very small because of
chain stiffness in the range of small molecular weight M
where the effects of chain ends may become appreciable. It
has also been shown that the effects of chain stiffness on aS
may be well explained in the quasi-two-parameter ~QTP!
scheme2 that all expansion factors, including aS , are func-
tions only of the intramolecular scaled excluded-volume
parameter2,5,6 z˜ instead of the conventional excluded-volume
parameter z in the two-parameter ~TP! theory.3
In this paper, as the next step, we proceed to investigate
the effects of chain stiffness and chain ends on the second
virial coefficient A2 , which is concerned with the intermo-
lecular excluded-volume effect, along the same line as that in
Paper I.1 In contrast to the case of aS which is a measure of
the intramolecular excluded-volume effect, the dependence
of A2 on M is remarkably affected, especially for small M ,
by a chemical difference of the chain ends.2,7,8 In a compari-
son made so far2 of experimental values of A2 , which nec-
essarily include the effects of chain ends, with its theoretical
values without those effects, therefore, they have been re-
moved from the former values by means of the theory2,7
which takes account of them with some assumptions. Thus
the main purpose of the present paper is to examine the va-
lidity of this procedure by a comparison of the theory with
MC data obtained by varying the ends of the freely rotating
chain.
The validity of the above-mentioned procedure of re-
moving the effects of chain ends from observed A2 has been
partly confirmed so far by examining the observed depen-
dence on M of A2 at the Q temperature, which we denote by
A2,Q . Recall that the Q temperature is defined as the tem-
perature at which A2 vanishes for very large M and also
^S2&/M becomes there a constant independent of M . In the
binary cluster approximation,3 therefore, the theoretical A2,Q
for a fictitious chain without the effects of chain ends must
vanish for all M , so that the nonvanishing A2,Q arises only
from those effects. However, if possible effects of three-
segment interactions ~ternary cluster integral! are taken into
account,9 A2,Q for finite M may in general remain finite even
for the fictitious chain, as pointed out by Cherayil et al.10 and
by Nakamura et al.11 Further, if this residual contribution is
appreciable, the above confirmation based on the assumption
that A2,Q50 for the fictitious chain requires some reconsid-
eration since it must affect somewhat the estimate of effects
of chain ends.2 Thus the theoretical evaluation of this contri-
bution is also carried out and the result is applied to an
analysis of MC data.
The plan of the present paper is as follows: In Sec. II, we
give a brief sketch of the simulation model and a numerical
recipe for an evaluation of A2 . In Sec. IV, we make a rather
detailed analysis of MC results for both Q and good-solvent
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systems, which are given in Sec. III, on the basis of the
helical wormlike ~HW! chain model.2 First, in Sec. IV A,
necessary basic equations for A2 in the HW theory are sum-
merized, and in Sec. IV B, account is taken of possible ef-
fects of three-segment interactions within the framework of
the first-order perturbation theory, the details of which are
given in the Appendix. By the use of the theoretical expres-
sions given in these two sections, then, in Sec. IV C, MC
results for the effects of chain ends are analyzed, and finally,
in Sec. IV D, the effect of chain stiffness on the behavior of
the interpenetration function ~without the effects of chain
ends! is examined. In Sec. V, we compare the present MC
results with some previous and literature experimental data.
II. MODEL AND METHODS
The MC model used in this study is the same as that
used in Paper I,1 i.e., the freely rotating chain2,3 composed of
n bonds, each of length unity, and of n11 beads, whose
centers are located at the n21 junctions of two successive
bonds and at the two terminal ends. In what follows, we use
the McMillan–Mayer symbolism3,12 to formulate A2 ~two-
chain problem!, for convenience. Then the ith bead (i
50,1,2,...,n) of chain a (a51,2) is labeled as ia , and the
symbol ~a! (a51,2) denotes all the coordinates ~external
and internal! of chain a. All the n21 bond angles u ~not
supplements! in each chain are fixed at u5109°, so
that the configuration of chain a may be specified by the
set of n22 internal rotation angles $f (n22)a%
5(f2a,f3a, . . . ,f (n21)a) along with the vector position
rc.m.,a of its center of mass and the Euler angles Va
5(ua ,fa ,ca) representing the orientation of the triangle
formed by the first two bonds in an external Cartesian coor-
dinate system, where f ia is the internal rotation angle around
the ith bond of chain a connecting beads (i21)a and ia .




2VM 2 E F1~1 !F1~2 !H 12expF2 U12~1,2!kBT G J d~1,2!,
~1!
where NA is the Avogadro constant, V is the volume of the
system, kB is the Boltzmann constant, T is the absolute tem-
perature, U12(1,2) is the intermolecular potential, and F1(a)
(a51,2) is the one-body ~single-chain! distribution function
for chain a, which is normalized as
1
V E F1~a!d~a!51 ~a51,2!. ~2!
The differential volume element d(1,2) for the two chains in
Eq. ~1! is defined by
d~1,2!5d~1 !d~2 !, ~3!
and the one d(a) for chain a in Eqs. ~2! and ~3! may be
explicitly written as
d~a!5sinn21 u drc.m.,a dVa d$f (n22)a% ~a51,2! ~4!
with dVa5sin ua dua dfa dca . As schematically depicted in
Fig. 1 ~compare with Fig. 1 of Ref. 1 and Fig. 2 of Ref. 7!,
U12(1,2) in Eq. ~1! is assumed to be composed of three kinds







u0 – 0~Ri1i2!1 (i151
n21
@u0 – 1~Ri102!
1u0 – 1~Ri1n2!#1 (i251
n21
@u0 – 1~R01i2!
1u0 – 1~Rn1i2!#1u1 – 1~R0102!1u1 – 1~R01n2!
1u1 – 1~Rn102!1u1 – 1~Rn1n2!, ~5!
where u1 – 1 , u0 – 1 , and u0 – 0 are the pair potentials ~of mean
force! between the end beads, between one end and interme-
diate beads, and between intermediate beads, respectively.
The summation ~or dummy! index ia (a51,2) in Eq. ~5!
indicates the iath (ia51,2,...,n21) intermediate bead of
chain a, and the indices 0a and na the two end beads of
chain a. Further, Ri1i2 represents the distance between the
centers of the i1th intermediate bead of chain 1 and the i2th
one of chain 2, Ri102 the distance between the centers of the
i1th intermediate bead of chain 1 and bead 02 , and so on. We
note that the pairwise decomposability of the intermolecular
potential energy U12 has been assumed, as done in the
single-chain problem in Paper I.1
We use as the pair potential uj – h(R) (j ,h50,1) in Eq.
~5! the same one as that introduced in Paper I,1 i.e., the LJ
6-12 potential with the collision diameter sj – h , the depth
ej – h of the potential well at its minimum, and its attractive
tail truncated at R53sj – h . Among the six parameters s0 – 0 ,
s0 – 1 , s1 – 1 , e0 – 0 , e0 – 1 , and e1 – 1 characterizing the inter-
actions between beads, s0 – 1 and e0 – 1 have been subordi-
nated to the others by the use of the Lorentz and Berthelot
combining rules,4 respectively; i.e., s0 – 1 is the arithmetic
mean (s0 – 01s1 – 1)/2 of s0 – 0 and s1 – 1 , and e0 – 1 is the
geometric mean (e0 – 0e1 – 1)1/2 of e0 – 0 and e1 – 1 . Further,
s0 – 0 and s1 – 1 have been set equal to unity, so that s0 – 1
51 ~touched-bead model!, for simplicity. Thus the param-
eters have been reduced to e0 – 0 and e1 – 1 . In what follows,
FIG. 1. Three kinds of intermolecular interactions ~contacts! between beads.
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the reduced temperatures Tj – j* [kBT/ej – j (j50,1) are used
instead of ej – j themselves as in Paper I.1 Note that T0 – 1*
5(T0 – 0* T1 – 1* )1/2.
Now the procedure of evaluating numerically A2 given
by Eq. ~1! is in principle the same as those used in other MC




‘H 12expF2 U¯ 12~r !kBT G J r2 dr , ~6!
where U¯ 12(r) is the averaged intermolecular potential as a
function of the distance r5uru between the centers of mass
of the two chains ~with r5rc.m.,22rc.m.,1) defined by
U¯ 12~r !52kBT lnK expF2 U12~1,2!kBT G L r ~7!
with ^fl&r indicating the conditional average formally de-
fined by
^fl&r5 1V E F1~1 !F1~2 !fld~1,2!/dr. ~8!
This is the equilibrium average taken over the configurations
of the two chains with r fixed by the use of the single-chain
distribution function F1(a) for each with the intramolecular
excluded-volume effect ~see Fig. 1 of Ref. 1!. This average
may be calculated by the use of a set of chain ~sample!
configurations generated properly by MC simulation, as fol-
lows. First, a set of Ns sample configurations are generated
by a MC run following the procedure described in Paper I.1
Next we randomly sample a pair of chain configurations
from the set ~of size Ns) and calculate the intermolecular
potential U12(1,2)/kBT from Eq. ~5! at given r after random-
izing the orientations of the two configurations in the
external coordinate system. Finally, we adopt as the
value of exp@2U¯ 12(r)/kBT# a mean of values of
exp@2U12(1,2)/kBT# so obtained for Np sample pairs
~of chain configurations!. With the values of
exp@2U¯ 12(r)/kBT# so obtained for various values of r , the
quantity A2M 2 for given n and at given T0 – 0* and T1 – 1* may
then be calculated from Eq. ~6! by numerical integration with
the use of the trapezoidal rule formula. In the practical evalu-
ation of U¯ 12 ~and A2), several sets of 105 (5Ns) sample
configurations have been generated by MC runs, and 106 or
107 (5Np) sample pairs have been taken from each set.
Then the total number of sample pairs is equal to the number
Np of sample pairs in each MC run multiplied by the number
of MC runs. Further, we have changed integration variables
from r to a reduced one, for convenience ~see the next sec-
tion!.
In computing U12(1,2)/kBT for each pair of sample con-
figurations ~chains!, we have used the following algorithm
for a speedy calculation of the double sum in Eq. ~5!. We
locate the center of mass of one of the two chains at the
origin of the external coordinate system (x , y , z) and that of
the other at ~0, 0, r). First, we prepare a list of those pairs of
intermediate beads of different chains for which the distance
between their centers can become smaller than or equal to
3s0 – 0 when r varies. It may be done by listing those pairs of
beads for which the distance between the projections of their
centers onto the xy plane is smaller than or equal to 3s0 – 0 .
Then we sum up the pair potentials u0 – 0 only of those pairs
for various values of r . We note that the ‘‘zippering’’
method16,17 has been used in the above examination in the xy
plane.
All the numerical work has been done by the use of a
personal computer with an AMD Athlon XP 22001 CPU. A
source program coded in C has been compiled by the GNU C
compiler version 2.95.4 with real variables of double preci-
sion. In the program, the subroutine package MT19937 sup-
plied by Matsumoto and Nishimura18 has been used instead
of the subroutine RAND included in the standard C library.
III. RESULTS
A. Averaged intermolecular potential
Equation ~6! may be rewritten in the form
A254p3/2NA
^S2&3/2
M 2 Cap , ~9!
where the dimensionless quantity Cap is the apparent inter-
penetration function8 defined as above from the whole A2





‘H 12expF2 U¯ 12~r!kBT G J r2 dr ~10!
with r5r/^S2&1/2 the reduced distance between the centers
of mass of two chains. It is seen from these equations that the
behavior of A2 is closely related not only to that of ^S2& but
also to that of the averaged intermolecular potential U¯ 12 .
First, in this section, therefore we give MC results for the
latter to examine its behavior.
Figure 2 shows plots of U¯ 12(r)/kBT against r at reduced
temperatures T0 – 0* 5T1 – 1* 58.0. We note that the condition
T0 – 0* 58.0 corresponds to a good-solvent system.1 The solid
line segments connect the present MC values for the indi-
cated values of n . The total numbers of sample pairs for the
FIG. 2. Plots of U¯ 12(r)/kBT against r at T0 – 0* 5T1 – 1* 58.0 for the MC
chains with the indicated values of n . The dotted curve represents the values
obtained by Bolhuis et al. ~Ref. 15! for the self-avoiding-walk chain of 8000
steps on a simple-cubic lattice.
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evaluation of U¯ 12 are 107 for n56 – 100, 33106 for
n5200 and 500, and 23106 for n51000. It is seen that
U¯ 12(r)/kBT as a function of n in the range of r&2 de-
creases monotonically with increasing n and approaches a
constant in the limit of n→‘ at all r. For comparison, the
values obtained by Bolhuis et al.15 for the self-avoiding-walk
chain of 8000 steps on a simple-cubic lattice are also shown
in Fig. 2 by the dotted curve, which is seen to be close to the
solid curve for n5500 or 1000. This agreement is consistent
with the common notion that U¯ 12(r) for good-solvent sys-
tems converges to a universal function independent of chain
model in the limit of n→‘ .
Values of $12exp@2U¯ 12(r)/kBT#%r2 are plotted against
r in Fig. 3 with the same present MC data as those in Fig. 1.
The solid line segments connect the present MC values for
the indicated values of n . It is interesting to note that the
attractive tails exist and contribute to A2 for n56 and 10,
although they are not clearly seen in Fig. 2.
Figure 4 shows plots of $12exp@2U¯ 12(r)/kBT#%r2
against r at reduced temperatures T0 – 0* 5T1 – 1* 53.72. We
note that the condition T0 – 0* 53.72 corresponds to the Q tem-
perature at which ^S2&/n becomes a constant independent of
n in the limit of n→‘ ,1 so that we set Q*53.72. The solid
line segments connect the present MC values for the indi-
cated values of n , and the dashed and dotted line segments
connect those for n5500 and 1000, respectively. The total
numbers of sample pairs for the evaluation of U¯ 12 are 107 for
n56 – 50, 108 for n5100 and 200, and 53107 for n5500
and 1000. Statistical errors in the MC values for n5500 and
1000 are appreciable. In contrast to the picture in the binary
cluster approximation, in which 12exp@2U¯ 12(r)/kBT# van-
ishes at Q, there are observed a repulsive core and an attrac-
tive tail in $12exp@2U¯ 12(r)/kBT#%r2 over the whole range
of n examined. We note that the corresponding behavior of
U¯ 12 or its functions at Q has been observed in previous MC
studies based on other models.13,14,19 Although it is difficult
to conjecture the asymptotic shape of the plot in the limit of
n→‘ only from the present MC data shown in Fig. 4, it may
be considered that $12exp@2U¯ 12(r)/kBT#%r2 at Q con-
verges to a limiting function having nonzero values, as dis-
cussed in Sec. IV B.
B. Second virial coefficient
Now we give results for A2 . The values of Cap calcu-
lated from Eq. ~10! by numerical integration of the function
$12exp@2U¯ 12(r)/kBT#%r2 shown in Figs. 3 and 4 for the
cases of T0 – 0* 58.0 ~good-solvent condition! and 3.72 ~Q
condition! are given in Tables I and II, respectively, thus the
values in the latter giving A2,Q . In the third and fourth col-
umns in each table are also given the values of the number
Np of sample pairs ~of chain configurations! taken from the
set of 105 (5Ns) sample configurations in a MC run and
FIG. 3. Plots of $12exp@2U¯ 12(r)/kBT#%r2 against r at T0 – 0* 5T1 – 1* 58.0
for the indicated values of n .
FIG. 4. Plots of $12exp@2U¯ 12(r)/kBT#%r2 against r at T0 – 0* 5T1 – 1*
53.72 (Q*) for the indicated values of n . The dashed and dotted line
segments connect the values for n5500 and 1000, respectively.
TABLE I. Values of Cap at T0 – 0* 58.0.
n Cap ~error! Np
Number of
MC runs
T1 – 1* 53.72
6 0.2641 ~0.0006! 106 10
10 0.2621 ~0.0005! 106 10
20 0.2537 ~0.0003! 106 10
50 0.2457 ~0.0005! 106 10
100 0.2423 ~0.0003! 106 10
200 0.2412 ~0.0002! 106 3
T1 – 1* 58.0
6 0.3622 ~0.0006! 106 10
10 0.3154 ~0.0004! 106 10
20 0.2667 ~0.0004! 106 10
50 0.2539 ~0.0003! 106 10
100 0.2468 ~0.0003! 106 10
200 0.2432 ~0.0003! 106 3
500 0.2426 ~0.0000! 106 3
1000 0.2430 ~0.0002! 106 2
T1 – 1* 520.0
6 0.4144 ~0.0003! 106 10
10 0.3455 ~0.0005! 106 10
20 0.2922 ~0.0004! 106 10
50 0.2598 ~0.0005! 106 10
100 0.2489 ~0.0003! 106 10
200 0.2444 ~0.0002! 106 3
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those of the number of MC runs carried out to evaluate Cap ,
respectively. Specifically, for example, for the chain with n
56 at T0 – 0* 58.0 and T1 – 1* 53.72 in Table I, 10 sets of 105
sample configurations have been generated by 10 indepen-
dent MC runs, and Cap has been evaluated by the use of 106
sample pairs taken from each set. Then the final results for
Cap and its statistical errors, which are given in the second
column of each table, have been obtained as the mean and
the standard deviation of the 10 values of Cap so evaluated,
respectively. Thus 107 sample pairs in total have been used
to determine the value of Cap in this case. It is seen from
Table II that the statistical errors for the chains with n
5500 and 1000 at T0 – 0* 53.72 (Q*) are appreciably large,
as is natural from the results in Fig. 4.
In the other MC studies13–15 of A2 mentioned in Sec. II,
MC data for A2 have been given in certain reduced units, so
that it is difficult to compare absolutely those with experi-
mental data. In order to compare the present MC data for A2
with experimental ones, therefore, we evaluate the former in
real units. For this purpose, we rewrite Eq. ~9! as
A254p3/2NA




where l is the real bond length, which, for convenience, has
been chosen to be unity in the present and previous1 MC
studies, ^S2& l51 is the MC value of ^S2& evaluated with l
51, and M b is the molecular weight per bond. The MC
values of A2 in real units may then be calculated from Eq.
~11! with the MC values of Cap ~given in Tables I and II! and
^S2& l51 /n if the values of l and M b in real units are properly
chosen. It is well known that the equilibrium conformational
behavior of the freely rotating chain may be well represented
by the Kratky–Porod ~KP! wormlike chain,2,20 and in fact,
the MC data for ^S2& l51 /n at Q* have been analyzed in
Paper I1 to determine the reduced stiffness parameter l21/l
53.01 and the number lnL51.24 of bonds per unit reduced
contour length ~both in units of the bond length!, assuming
the KP chain. With values of the stiffness parameter l21 and
the shift factor M L as defined as the molecular weight per
unit contour length determined for a KP-type real polymer
chain, we may therefore assign values to l and also M b by
the use of the relation,
M L5nLM b . ~12!
We adopt the respective values 16.8 Å and 35.8 Å21 of l21
and M L determined from an analysis of previous data for
^S2& of atactic polystyrene (a-PS) in cyclohexane at 34.5 °C
~Q!21,22 to obtain l55.58 Å and M b51.613102, the details
of the analysis ~as the KP chain! being omitted. We note that
strictly, the data for a-PS should be analyzed on the basis of
the HW chain model.2
The values of ^S2& l51 /n at T0 – 0* 58.0 and T0 – 0* 53.72
required for the evaluation of A2 are given in Tables III and
IV, respectively, along with the values of the acceptance
fraction1 and those of the number of MC runs. In addition to
them, the values given in Tables I and II of Paper I1 are also
used in what follows.
Figure 5 shows double-logarithmic plots of A2 ~in
cm3 mol/g2) against M (5nM b) at T0 – 0* 58.0 ~good-solvent
system!. The open circles, each with center dot, represent the
values calculated from Eq. ~11! with the values of Cap given
in Table I and those of ^S2& l51 /n given in Table III and
Table I of Paper I,1 and also with the above-estimated values
of l and M b at T1 – 1* 520.0 ~pip up!, 8.0 ~pip right!, and 3.72
~pip down!. The solid curve connects smoothly the data
points at each T1 – 1* . It is seen that A2 increases with increas-
ing T1 – 1* for M&33104 because of the effects of chain
ends.
TABLE II. Values of Cap at T0 – 0* 53.72 (Q*).
n Cap ~error! Np
Number of
MC runs
T1 – 1* 53.72
6 20.0492~0.0006! 106 10
10 20.0504~0.0007! 106 10
20 20.0497~0.0006! 106 10
50 20.0493~0.0012! 106 10
100 20.0509~0.0014! 107 10
200 20.0541~0.0026! 107 10
500 20.0404~0.0062! 107 5
1000 20.0255~0.0158! 107 5
T1 – 1* 58.0
6 0.1154~0.0005! 106 10
10 0.0568~0.0005! 106 10
20 0.0125~0.0009! 106 10
50 20.0172~0.0006! 106 10
100 20.0315~0.0021! 106 10
200 20.0367~0.0063! 106 10
500 20.0295~0.0109! 106 5
T1 – 1* 520.0
6 0.2075~0.0004! 106 10
10 0.1187~0.0005! 106 10
20 0.0501~0.0006! 106 10
50 0.0029~0.0010! 106 10
100 20.0167~0.0017! 106 10
200 20.0328~0.0082! 106 10
500 20.0211~0.0125! 106 5
TABLE III. Values of ^S2& l51 /n at T0 – 0* 58.0.





T1 – 1* 53.72
6 0.2880 ~0.0! 9/10 10
10 0.3141 ~0.1! 17/20 10
20 0.3585 ~0.1! 33/40 10
50 0.4272 ~0.1! 75/100 10
100 0.4861 ~0.1! 140/200 10
200 0.5503 ~0.1! 324/500 10
T1 – 1* 58.0
6 0.2892 ~0.1! 9/10 10
10 0.3158 ~0.1! 18/20 10
20 0.3699 ~0.1! 33/40 10
T1 – 1* 520.0
6 0.2896 ~0.0! 9/10 10
10 0.3168 ~0.1! 18/20 10
20 0.3609 ~0.1! 33/40 10
50 0.4291 ~0.1! 76/100 10
100 0.4873 ~0.2! 141/200 10
200 0.5512 ~0.1! 325/500 10
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Figure 6 shows plots of A2,Q against the logarithm of M
at T0 – 0* 53.72 (Q*). The open circles represent the values
calculated from Eq. ~11! with the values of Cap given in
Table II and those of ^S2& l51 /n given in Table IV and Tables
I and II of Paper I,1 and also with the above-estimated values
of l and M b at T1 – 1* 520.0 ~pip up!, 8.0 ~pip right!, and 3.72
~pip down!. The solid curve represents the theoretical values
at each T1 – 1* , and the dashed curve those for the fictitious
chain without the effects of chain ends but with three-
segment interactions. These theoretical values are obtained
and discussed in Secs. IV C and IV B, respectively. As in the
case of T0 – 0* 58.0 shown in Fig. 5, the effects of chain ends
become appreciable for M&33104, and A2 increases there
with increasing T1 – 1* . It is seen that A2,Q ~at Q*) first de-
creases from zero and then increases with decreasing M . We
note that this decrease in A2,Q corresponds to the result by
Bruns23 for lattice chains that the depth of an attractive well
for which A2 vanishes increases with increasing n ~or M ).
IV. ANALYSIS AND DISCUSSION
A. Basic equations
In this section, we summarize basic equations in the HW
theory2,7,24 necessary for an analysis of the MC data for A2
given in Sec. III. It takes account of both effects of chain
stiffness and chain ends on the basis of the HW bead model
~with excluded volume!, where excluded-volume interac-
tions are considered in the binary cluster approximation,3 and
simply those for the latter effects in the single-contact
approximation.3 ~Note that the latter approximation is good
enough to consider them for small M .) The model is such
that n11 beads are arrayed with spacing a between them
along the contour of total length L5na , where the n21
intermediate beads are identical and the two end beads are
different from the intermediate ones and also in general from
each other in species. Identical excluded-volume interactions
between intermediate beads are expressed in terms of the
conventional binary-cluster integral, which we here denote
by b2 , while two kinds of effective excess binary-cluster
integrals b2,1 and b2,2 are necessary in order to express in-
teractions between unlike ~and like end! beads, b2,1 being
associated with one end bead and b2,2 with two end ones.
The HW model itself2 is defined in terms of three basic
model parameters: the constant differential-geometrical cur-
vature k0 and torsion t0 of its characteristic helix taken at
the minimum zero of its elastic energy and the stiffness pa-
rameter l21.






(HW) is the part of A2 without the effects of chain
ends, or A2 for the fictitious chain composed of n11 iden-
tical beads, and A2
(E) represents the contribution of the effects
of chain ends to A2 . The first term A2
(HW) may be given by
A2
(HW)5~NAc‘
3/2L2B/2M 2!h~ zˆ !, ~14!
TABLE IV. Values of ^S2& l51 /n at T0 – 0* 53.72 (Q*).





T1 – 1* 53.72
6 0.2857 ~0.1! 9/10 10
T1 – 1* 58.0
6 0.2876 ~0.0! 9/10 10
200 0.3929 ~0.1! 221/500 10
500 0.4012 ~0.2! 333/1000 5
T1 – 1* 520.0
6 0.2888 ~0.0! 9/10 10
10 0.3098 ~0.1! 17/20 10
20 0.3376 ~0.1! 31/40 10
50 0.3674 ~0.2! 64/100 10
100 0.3832 ~0.1! 108/200 10
200 0.3941 ~0.2! 222/500 10
500 0.4005 ~0.2! 334/1000 5
FIG. 5. Double-logarithmic plots of A2 ~in cm3 mol/g2) against M at T0 – 0*
58.0. The open circles, each with center dot, represent the values at T1 – 1*
520.0 ~pip up!, 8.0 ~pip right!, and 3.72 ~pip down!, the solid curve con-
necting smoothly the data points at each T1 – 1* .
FIG. 6. Plots of A2,Q against log M at T0 – 0* 53.72 (Q*). The open circles
represent the values at T1 – 1* 520.0 ~pip up!, 8.0 ~pip right!, and 3.72 ~pip
down!. The solid curves represent the theoretical values of A2,Q (5A2,Q(HW)
1A2
(E)) at T1 – 1* 520.0, 8.0, and 3.72 from top to bottom, and the dashed
curve those of A2,Q
(HW) ~see the text!.
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respectively. The so-called h function in Eq. ~14! is given by
h~ zˆ !5~117.74zˆ152.3zˆ27/10!210/27 ~17!
with
zˆ5z5 /aS3. ~18!
In Eq. ~18!, z5 is the intermolecular scaled excluded-volume
parameter defined by
z55@Q~lL !/2.865#z , ~19!
where the coefficient Q(L) as a function of ~reduced! L rep-
resents the effects of chain stiffness on the intermolecular
excluded-volume effect, as explicitly given below, and the
conventional excluded-volume parameter3 z is now redefined
by
z5~3/2p!3/2~lB !~lL !1/2. ~20!
According to the QTP scheme or the Yamakawa–
Stockmayer–Shimada ~YSS! theory,2,5,6,24 the gyration-





with the intramolecular scaled excluded-volume parameter z˜
defined by
z˜5~3/4!K~lL !z ~22!
in place of z . In Eq. ~22!, the coefficient K(L) as a function
of ~reduced! L represents the effects of chain stiffness on the
intramolecular excluded-volume effect and is given by
K~L !5 43 22.711L21/21 76 L21 for L.6
5L21/2 exp~26.611L2110.9198
10.035 16L ! for L<6. ~23!
We note that K(L) approaches the coil-limiting value 4/3 of
the coefficient of z in the first-order perturbation theory3 of
the mean-square end-to-end distance ^R2& for the random-
flight chain in the limit of L→‘ and vanishes extremely
rapidly at small L , for which there are no intramolecular
contacts between beads.
The coefficient Q(L) in Eq. ~19! is given for L*1 in a
very good approximation by2,7










We simply put h51 ~rod limit! for L&1, in which range Eq.
~24! is not valid. We note that Q(L) increases monotonically
with increasing L and approaches the coil-limiting value
2.865 of the ~negative! coefficient of z in the first-order per-
turbation theory3 of the h function for the random-flight
chain in the limit of L→‘ . We also note that L is related to
M by the equation
L5M /M L . ~26!
The second term A2
(E) on the right-hand side of Eq. ~13!
may be written in the form,2,7
A2
(E)5a1M 211a2M 22, ~27!
where
a152NAb2,1 /M 0 ,
~28!
a252NADb2,2
with M 0 the molecular weight of the bead and with
Db2,25b2,222b2,1 . ~29!
Within the framework of the above binary-cluster theory,
the first term A2
(HW) on the right-hand side of Eq. ~13! van-
ishes at the Q temperature, at which b250, so that a possible




B. Effects of three-segment interactions
As shown in Fig. 6 of Sec. III B, the present MC values
of A2,Q at T0 – 0* 53.72 (Q*) remain slightly negative even in
the range of M*33104, in which the effects of chain ends
are very small, i.e., A2
(E).0. Such behavior of A2,Q cannot be
explained within the framework of the binary cluster theory
summarized in the last section. As mentioned in Sec. I, this
deviation may be regarded as arising from the residual con-
tribution of three-segment interactions. In fact, Nakamura
et al.11 have evaluated this contribution as a higher-order
term involved in the first-order perturbation theory devel-
oped long before9 for the random-flight chain with three-
segment interactions, and showed that the downward devia-
tion of A2,Q from zero is proportional to M 21/2. In this
section, we pursue further this problem along the same line
on the basis of the HW chain instead of the random-flight
chain. Although there have been some arguments10,26 about
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the behavior of polymer chains near the Q temperature in
relation to the tricritical point,26 they are beyond the scope of
the present problem.
For convenience, we begin by presenting the results of
the first-order perturbation theory of A2 and also the end-
distance expansion factor aR as defined as the square root of
the ratio of ^R2& to its unperturbed value ^R2&0 for the
random-flight chain, the latter result being a new one. If we
retain terms of A2 proportional to n21/2b2 and n21/2b3 with
b3 the ternary cluster integral in addition to those propor-
tional to b2 and b3 , following the procedure in the pertur-












Recall that for the smoothed-density model, the effective b
depends on n , the result being inconsistent with
experiment.2,9 The parameter a in Eqs. ~30! and ~31! denotes
the effective bond length of the random-flight chain ~not the
spacing between beads in the HW bead model! as far as the
theoretical results for the random-flight chain are concerned.
We note that the original expression for A2 given by Naka-
mura et al.11 includes an additional cutoff parameter, which
should in principle be set equal to unity for the random-flight
chain. Correspondingly, if we retain terms of aR
2 proportional
to b2 and b3 in addition to those proportional to n1/2b2 and
n1/2b3 , it may be given by
aR
2 511S 43 22n21/2D z24pS 32pa2D
3
b31fl , ~32!





with the effective binary-cluster integral b in place of the
~bare! binary cluster integral b2 . It is seen from Eqs. ~30!
and ~32! that there remain the residual contributions of b3
both to A2 and aR
2
, the former being proportional to n21/2
(M 21/2) and the latter to n0 ~constant!.
Now, as in the case of the random-flight chain, A2 for the
HW chain ~composed of n11 identical beads!, i.e., A2
(HW)
may be expanded in terms of b2 and b3 , the derivation










with b the effective binary-cluster integral redefined by
b5b212S 32pc‘D
3/2
~la !2 S b3
a3
D I~‘! ~35!
for the HW chain, where the the function I(L) of ~reduced! L
is given by
I~L !5exp~26L2110.347220.087L ! for 0<L<3.075
50.414920.8027L2110.01L21~7.132D220.9315D3
10.1057D420.005 745D5! for 3.075,L,7.075
51.46524L21/213.476L212 56 L23/2 for 7.075<L
~36!
with D5L23.075. The function I(L) approaches 1.465 and
0 in the limits of L→‘ and L→0, respectively, so that the
factor I(‘)2I(lL) on the right-hand side of Eq. ~34! be-
comes 4(lL)21/2 in the limit of lL→‘ and approaches the
value 1.465 in the limit of lL→0. As also derived in the
Appendix, the result for aR
2 reads
aR
2 511K~lL !z2C~lL !S 3l2pc‘a D
3
b31fl , ~37!
where z is given by Eq. ~20! with Eq. ~16! with b given by
Eq. ~35! in place of b2 , and the coefficient C(lL) as a
function of lL approaches a constant independent of lL in
the limit of lL→‘ and vanishes in the limit of lL→0,
although the explicit expression for it is omitted.
From a comparison of Eqs. ~34!, ~35!, and ~37! for the
HW chain with Eqs. ~30!, ~31!, and ~32! for the random-
flight chain, it is seen that the former are essentially the same
as the latter except that the residual contribution of b3 to
A2
(HW) at b50 converges to a finite value in the limit of
lL→0 (M→0), while the corresponding contribution to A2
at b50 for the random-flight chain diverges in this limit. For
both the HW and random-flight chains, the indication is that
even at b50, the residual contribution of b3 to A2 exists,
and moreover, aR
2 takes a value different from unity. How-
ever, even within the framework of the present theory which
takes account of three-segment interactions, it seems reson-
able to consider that the Q temperature ~state! is the tempera-
ture at which b ~instead of b2) vanishes. In the remainder of
this section, we examine whether the behavior of the residual
contributions of b3 to A2 and aR
2 in this Q state is or is not
consistent with the usual definition of the Q temperature that
it is the temperature at which A2 vanishes for very large M
and also ^R2&/M ~or ^S2&/M ) becomes there a constant in-
dependent of M .
Now the residual contribution A2,Q
(HW) of b3 to A2
(HW)






3/2 @I~‘!2I~lL !# , ~38!
where A3
0 is the third virial coefficient for the HW chain





3M 3 , ~39!
and (^S2&0 /M )‘ is the value of ^S2&0 /M in the limit of M
→‘ . From Eq. ~38! with Eq. ~36!, we have
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3/2 I~‘! ~for small M !.
~40!
Thus A2,Q
(HW) and therefore A2,Q vanish for very large M .
It is pertinent to make here some remarks. For the
random-flight chain, A2,Q is given by the right-hand side of
the first line of Eqs. ~40! over the whole range of M ~and
diverges in the limit of M→0), as seen from Eq. ~30!. The
asymptotic form (}M 21/2) of A2,Q in the limit of M→‘ is
therefore independent of chain model, while the coefficients
of b3 involved in b given by Eqs. ~35! and ~31! for the two
chains are differnt from each other, since the factor I(‘) in
Eq. ~35! is closely related to the ring-closure probability ~see
the Appendix!. Note that the value 1.465 of I(‘) for the HW
chain is replaced by 2 for the random-flight chain ~for which
la51 and c‘51), and that the former value obtained by the
use of the new version of the ring-closure probability for the
KP chain6 is somewhat smaller than the corresponding value
1.580 obtained by Nakamura et al.11 by the use of its original
version24 ~see the Appendix!.
It is interesting and important to make an estimate of
order of magnitude of A2,Q
(HW) given by Eq. ~38!. For this
purpose, we evaluate it for the present MC chain at T0 – 0*
53.72 (Q*). The value of A30 required for this evaluation is
not directly available, so that we estimate it indirectly in the
following manner. In the limit of M→‘ , the effects of chain
ends disappear and the apparent interpenetration function
Cap defined by Eq. ~9! is identical to the ~true! interpenetra-
tion function C. From Eq. ~9! with the first line of Eqs. ~40!,
the interpenetration function C at Q in the limit of M→‘ ,





2 ~^S2&0 /M !‘
3 52S 3lpc‘a D
3
b3 . ~41!
Thus we can evaluate A3
0 if CQ ,‘ is known. It is seen from
Table II for Cap at T0 – 0* 53.72 (Q*) that the value of Cap at
T1 – 1* 53.72 for n5100– 500 is independent of n within
statistical error. We may then adopt as the value of CQ ,‘
the mean 20.0485 of the three values of Cap for n5100,
200, and 500, and thus as that of A30 the value
6.9731024 cm6 mol/g3. The latter has been calculated from
the first line of Eqs. ~41! with the above-obtained value of
CQ ,‘ and the value 7.82310218 cm2 g/mol of (^S2&0 /M )‘
calculated from (^S2&0 /M )‘5(6lM L)21 with the values of
l21 and M L given in Sec. III B. The value of A3
0 so evalu-
ated is of the same order of magnitude as the experimental
values 4.731024 cm6 mol/g3 for a-PS in cyclohexane at
34.5 °C ~Q!,27 4.331024 cm6 mol/g3 for a-PS in trans-
decalin at 21.0 °C ~Q!, which has been calculated from Eq.
~39! with the value 4310245 cm6 of b3 ~per repeat unit!
obtained by Nakamura et al.,28 and 5.831024 cm6 mol/g3
for atactic poly~methyl methacrylate! (a-PMMA) in aceto-
nitrile at 44.0 °C ~Q!.27 This indicates that the above estimate
of A3
0 from Cap is reasonable, and also that the present MC
model may well describe real systems.
In Fig. 6, the dashed curve represents the theoretical val-
ues of A2,Q
(HW) calculated from Eq. ~38! with Eq. ~36! with the
above-mentioned MC values of A3
0
, (^S2&0 /M )‘ , l21, and
M L . It is seen that the theoretical values are rather close to
the MC values at T1 – 1* 53.72. The indication is that the
present MC chain composed of n11 identical beads at
T0 – 0* 5Q* may be closely identified with the desired ficti-
tious chain at Q, and that the fact that the residual contribu-
tion A2,Q
(HW) of b3 to A2
(HW) remains finite ~negative! except
for very large M may be accepted.
Next we consider aR
2






2 ~^S2&0 /M !‘
3 1fl ~at Q!. ~42!
We note that C(lL)[4p for the random-flight chain. Since
an expression for C(lL) for the HW chain has not explicitly
been derived, we estimate the second term on the right-hand
side of Eq. ~42!, i.e., the residual contribution of b3 to aR
2 for
the random-flight chain. It is evaluated to be 0.102 from the
above-mentioned values of A3
0 and (^S2&0 /M )‘ . In the case
of the HW chain, for which C(0)50, as mentioned above,
the ratio ^S2&Q /M of the mean-square radius of gyration to
M at Q in the limit of M→‘ may also be about 10% smaller
than the corresponding ‘‘unperturbed’’ ratio ^S2&0 /M for the
ideal chain with the vanishing b2 and b3 . Then, in a practi-
cal analysis of experimental data on the basis of the HW
chain,2 such a decrease may be absorbed into the HW model
parameters, and an associated increase in the observed ex-
pansion factor aS may be absorbed into the effective binary-
cluster integral b, regarding the decreased dimension
^S2&0aS
2 ~at Q! as the new ^S2&05^S2&Q for all M . Thus the
analysis of experimental data made so far for single-chain
properties in the QTP scheme2 is not necessary to change.
In sum, it may be concluded that the effective binary-
cluster integral b vanishes indeed at the Q temperature,
and that the dilute solution behavior of polymers may be
still explained by the HW theory only if the residual contri-
bution of three-segment interactions to A2 at Q is taken
into account, i.e., only if Eq. ~38! is used instead of the
relation, A2,Q
(HW)50, in the binary cluster approximation. We
note that such a contribution may be ignored for good-
solvent systems, considering that b3 may decrease with
increasing solvent power since the third virial coefficient
decreases with increasing temperature for gases above the
Boyle temperature.29
C. Effects of chain ends
Now we examine the effects of chain ends revealed by
the present MC data for A2 , following the procedure used in
an analysis of experimental data.2,8 The contribution A2
(E) of
the effects to A2 may be estimated by subtracting values of
the theoretical A2
(HW) and A2,Q
(HW) from MC values for A2
shown in Figs. 5 and 6, respectively. As seen from Eq. ~27!,
the theory predicts that A2
(E)M is linear in M 21. Thus, if the
present MC data are well explained by the theory given in
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Sec. IV A with A2,Q
(HW) given by Eq. ~38! in place of A2,Q
(HW)
50, then the plot of MC values of A2
(E)M against M 21 must
follow a straight line.
Figure 7 shows plots of A2
(E)M against M 21. The open
circles, each with center dot, represent the MC values at
T0 – 0* 58.0 and at T1 – 1* 520.0 ~pip up!, T1 – 1* 58.0 ~pip right!,
and T1 – 1* 53.72 ~pip down! obtained following the above-
mentioned procedure with the values in Fig. 5. The theoret-
ical values of A2
(HW) have been calculated from Eq. ~14! with
the values of l21 and M L given in Sec. III B and with the
value 0.27 of lB evaluated in Paper I1 for the case of T0 – 0*
58.0. Recall that c‘51 for the present case of the KP chain
(k050). The open circles represent the MC values at T0 – 0*
53.72 (Q*) and at T1 – 1* 520.0 ~pip up!, T1 – 1* 58.0 ~pip
right!, and T1 – 1* 53.72 ~pip down! obtained similarly with
the values in Fig. 6. The theoretical values of A2,Q
(HW) have
been calculated from Eq. ~38! with Eq. ~36! with the values
of A3
0 and (^S2&0 /M )‘ given in Sec. IV B and also with
those of l21 and M L given in Sec. III B. The data points for
each set of T0 – 0* and T1 – 1* can be fitted by a straight line, and
with values of its intercept a1 and slope a2 , b2,1 and b2,2
may be calculated from Eqs. ~28! with Eq. ~29!. The results
so obtained for b2,1 and b2,2 taking the repeat unit as a single
bond or a single bead ~with M 05161) are 200 and 310 Å3 at
T0 – 0* 58.0 and T1 – 1* 520.0, 180 and 170 Å3 at T0 – 0* 58.0
and T1 – 1* 58.0, 140 and 2120 Å3 at T0 – 0* 58.0 and T1 – 1*
53.72, 140 and 530 Å3 at T0 – 0* 53.72 and T1 – 1* 520.0, 80
and 360 Å3 at T0 – 0* 53.72 and T1 – 1* 58.0, and 14 and 5.7 Å3
at T0 – 0* 53.72 and T1 – 1* 53.72, respectively. It is interesting
to note that the values of b2,1 and b2,2 at T0 – 0* 5T1 – 1*
53.72 ~for the chain composed of n11 identical beads at
Q*) are appreciably smaller than those at other reduced tem-
peratures, indicating that the MC chain at T0 – 0* 5T1 – 1*
53.72 is very close to the fictitious chain without the effects
of chain ends in the range of n studied, as mentioned in the
preceding section.
The solid curve in Fig. 6 associated with the MC data
points at each T1 – 1* represents the theoretical values obtained
by adding the values of A2,Q
(HW) represented by the dashed
curve in Fig. 6 to those of A2
(E) calculated from Eq. ~27! with
the above-determined values of b2,1 and b2,2 . Agreement
between theory and simulation is excellent.
D. Interpenetration function
Finally, we examine the behavior of the ~true! interpen-
etration function C, which is defined for A2
(HW) without the







with MC values of A2
(HW) obtained from A2
(HW)5A22A2
(E)
with MC values of A2 and values of A2
(E) calculated from Eq.
~27! with the values of b2,1 and b2,2 determined in Sec. IV C.









Figure 8 shows plots of C against aS
3
. The open circles,
each with center dot, represent the MC values at T0 – 0*
58.0. After subtraction of A2
(E)
, the MC value of A2
(HW) at
T0 – 0* 58.0 becomes almost independent of T1 – 1* , so that we
have shown the data points only at T1 – 1* 58.0 by the symbols
without pip. The value of aS
2 for each data point has been
calculated by dividing the value of ^S2& l51 /n at T0 – 0*
5T1 – 1* 58.0 given in Table III by the value at T0 – 0* 5T1 – 1*
53.72 given in Table IV. For comparison, the previous ex-
perimental values8 for a-PS in toluene at 15.0 °C are also
shown by the closed circles, each with center hole. The solid
curves connect smoothly the respective data points, and the
dotted curve represents the TP theory values calculated from
Eq. ~44! with Eqs. ~17!, ~18!, ~21!, and ~45! and with the
relations z˜5z55z and 6l^S2&0 /c‘L51. It is seen that as aS3
FIG. 7. Plots of A2(E)M against M 21. The symbols have the same meaning
as those in Figs. 5 and 6. FIG. 8. Plots of C against aS3. The open circles, each with center dot, and
the closed circles, each with center hole, represent the present MC values at
T0 – 0* 58.0 and the experimental values for a-PS in toluene at 15.0 °C,8
respectively. The solid curves connect smoothly the respective data points,
and the dotted curve represents the TP theory values.
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is decreased, C decreases monotonically for the MC chain,
while it passes through a maximum and then a minimum for
a-PS, and that it deviates upward from the TP theory values
for both cases. These features arise from the differences in
chain stiffness and local chain conformation.
Figure 9 shows similar plots with theoretical values for
the KP chain (k050). They have been calculated from Eq.
~44! with Eqs. ~17!–~25! and ~45! and with ^S2&0 for the KP
chain given by
^S2&05l22 f S ,KP~lL ! ~KP!, ~46!
where the function f S ,KP(L) of ~reduced! L is given by30










The solid curves represent the values for the case in which
lL ~or M ) is changed at constant lB , while the dashed
curves represent the values for the case in which lB is
changed at constant lL ~or M ). The dotted curve represents
the TP theory values as in Fig. 8. It is seen that the TP theory
prediction is obtained as the asymptotic limit of L→‘ or
B→0, and that for finite L and B , C always deviate upward
from the TP theory prediction, as observed for the MC and
experimental data points shown in Fig. 8. The solid curve for
lB50.27 represents the ~KP! theoretical values for the MC
data points shown in Fig. 8. Agreement between them is
rather good except for small aS ~or M ) as in the case of
^S2&0 ~see Fig. 4 of Ref. 1!. We note that Fig. 9 does not
apply to the data points for a-PS shown in Fig. 8.
V. COMPARISON WITH EXPERIMENT
In this section, we further make a comparison of the
present MC data with experimental data ~with respect to the
whole A2).
Figure 10 shows double-logarithmic plots of A2 ~in
cm3 mol/g2) against M . The open circles, each with center
dot, ~pip right! represent the MC values at T0 – 0* 5T1 – 1*
58.0, and the closed circles, each with center hole, the ex-
perimental values for a-PS in toluene at 15.0 °C.8 The heavy
solid curve represents the ~KP! theoretical values calculated
for the MC chain from Eqs. ~13!–~29! with k050, l21
516.8 Å, M L535.8 Å21, lB50.27, b2,15180 Å3, and
b2,25170 Å3 ~for lL*1), and the heavy dotted–dashed
curve represents those with h51 in Eq. ~14! ~for lL&1).
~All parameter values used have already been given in Secs.
III and IV.! The heavy dashed and dotted curves represent the
theoretical contributions of A2
(HW) ~for lL*1) and A2(E) , re-
spectively, to A2 in Eq. ~13!. The light curves represent the
respective ~HW! theoretical values for a-PS and have been
reproduced from Ref. 2 ~or Ref. 8!. The dependence of A2 on
M for the MC chain at T1 – 1* 58.0 ~and also T1 – 1* 520.0) may
rather be regarded as close to that for a-PS in the range of M
studied, so that the above-given values of b2,1 and b2,2 for
the MC chain happen to be of the same order of magnitude
as the respective values 220 and 270 Å3 determined for a-PS
in toluene.8 For the MC chain composed of identical beads,
the contribution of A2
(E) is appreciably larger at T0 – 0* 5T1 – 1*
58.0 than at T0 – 0* 5T1 – 1* 53.72 (Q*), as seen from Fig. 10.
~For the same Q* chain, A2
(E) is very small, as mentioned in
Sec. III C.!
Figure 11 shows plots of A2,Q against the logarithm of
M . The open circles represent the MC values at T0 – 0*
53.72 (Q*) and T1 – 1* 58.0 ~pip right! except the one for the
largest M at T1 – 1* 53.72 ~pip down!. The closed circles,
squares, and triangles represent the experimental values for
a-PS in cyclohexane at 34.5 °C ~Q!,8,31 a-PS in trans-
decalin at 21.0 °C ~Q!,28 and a-PMMA in acetonitrile at
44.0 °C ~Q!,32,33 respectively. The solid, dashed, and dotted
curves represent the theoretical values for a-PS in cyclohex-
ane, a-PS in trans-decalin, and a-PMMA in acetonitrile, re-
spectively, calculated from Eq. ~13! with A2,Q
(HW) given by Eq.
~38! with Eq. ~36! in place of A2
(HW) and with Eqs. ~26!–~29!.
In the calculation, we have used the values of the HW model
parameters l21 ~in Å! and M L (in Å21), which are 20.6 and
FIG. 9. Plots of the theoretical C against aS3 for the KP chain. The solid and
dashed curves represent the values at constant lB and lL , respectively. The
dotted curve represents the TP theory values.
FIG. 10. Double-logarithmic plots of A2 ~in cm3 mol/g2) against M . The
open circles, each with center dot, ~pip right! represent the present MC
values at T0 – 0* 5T1 – 1* 58.0, and the closed circles, each with center hole, the
experimental values for a-PS in toluene at 15.0 °C ~Ref. 8!. The solid and
dotted–dashed curves represent the theoretical values of A2 (5A2(HW)
1A2
(E)) , and the dashed and dotted curves those of A2(HW) and A2(E) , respec-
tively. The heavy and light curves are those for the MC and experimental
data points, respectively.
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35.8 for a-PS2,34 and 57.9 and 36.3 for a-PMMA,2,35 respec-
tively, and also the literature values of A3
0 (in cm6 mol/g3)
and (^S2&0 /M )‘ (in cm2 mol/g), which are 4.731024 and
7.82310218 for a-PS in cyclohexane,27,34 4.331024 and
7.39310218 for a-PS in trans-decalin,28 and 5.831024 and
6.57310218 for a-PMMA in acetonitrile,27,35 respectively,
the A3
0 values having already been given in Sec. VI C. Note
that the above values of l21 and M L for a-PS are different
from those determined as the KP chain in Sec. III. The values
of b2,1 (in Å3) and b2,2 (in Å3), which have been deter-
mined in the same manner as that in Sec. IV C for the MC
chain, are 44 and 200 for a-PS in cyclohexane, 31 and 61 for
a-PS in trans-decalin, and 219 and 500 for a-PMMA in
acetonitrile, respectively.
In Fig. 11, all the experimental data points for each sys-
tem seem to follow closely the corresponding theoretical
curve as a whole, although strictly, the data points for a-PS
in cyclohexane and a-PMMA in acetonitrile in the range of
104&M&105 deviate slightly upward from the respective
theoretical curves. The dependence of A2,Q on M for the MC
chain ~at T1 – 1* 58.0) is close to that for a-PS in cyclohexane,
so that the respective values 80 and 360 Å3 of b2,1 and b2,2
for the former determined in Sec. IV C are of the same order
of magnitude as the above-given values for the latter.
VI. CONCLUSION
We have examined the behavior of the second virial co-
efficient A2 for polymers by MC simulation of two freely
rotating chains with the LJ 6-12 intramolecular and intermo-
lecular potentials between beads in the cutoff version. It has
been found that the effects of chain ends on A2 are appre-
ciable for small M , as was expected, and that A2,Q at the Q
temperature, at which ^S2&/M becomes a constant indepen-
dent of M for very large M , remains slightly negative even
for such large ~but finite! M where the effects of chain ends
disappear. Such behavior of A2,Q , which cannot be explained
within the framework of the binary cluster theory, has been
shown to be understandable if possible effects of three-
segment interactions are considered. From this finding and
also those in a good-solvent condition, it has been concluded
that the present MC data for A2 ~along with the previous
ones for ^S2&) may be consistently explained as well as ex-
perimental data by the theory based on the HW chain model
only if the new expression for A2,Q derived for the chain
with three-segment interctions is used.
APPENDIX: EFFECTS OF THREE-SEGMENT
INTERACTIONS
Following the formulation for the random-flight chain,3,9
the second virial coefficient A2
(HW) for the HW chain com-
posed of n11 identical beads with the binary and ternary











where G(0;s) is the ring-closure probability for the chain of
contour length s , i.e., the Green’s function G(R;s) repre-
senting the distribution of its end-to-end vector distance R at
R50.2 Carrying out integration in the second term on the
right-hand side of Eq. ~A1! over s1 , s2 , and s3 with s2









D I~lL !1flG , ~A2!
where the dimensionless factor I(L) as a function of ~re-
duced! L is defined by
I~L !5S 2pc‘3 D
3/2E
0
LS 12 sL D G~0;s !ds . ~A3!
We note that G(0;s) in Eq. ~A3! is the reduced quantity for
which all lengths are measured in units of l21. Considering
the fact that ~reduced! G(0;s) has the asymptotic form,
(3/2pc‘)3/2@s23/21O(s25/2)# , in the limit of s→‘ ,2 I(L)






in the limit of L→‘ , so that Eq. ~A2! may be rewritten as
Eq. ~34!.
Similarly, the mean-square end-to-end distance ^R2& of
the HW chain under consideration may be expanded in the
form
FIG. 11. Plots of A2,Q against log M. The open circles represent the present
MC values at T0 – 0* 53.72 (Q*) and T1 – 1* 58.0 ~pip right! except the one for
the largest M at T1 – 1* 53.72 ~pip down!, and the closed symbols the experi-
mental values: a-PS in cyclohexane at 34.5 °C ~circle! ~Refs. 8 and 31!,
a-PS in trans-decalin at 21.0 °C ~square! ~Ref. 28!, and a-PMMA in aceto-
nitrile at 44.0 °C ~triangle! ~Refs. 32 and 33!. The solid, dashed, and dotted
curves represent the theoretical values of A2,Q (5A2,Q(HW)1A2(E)) for a-PS in
cyclohexane, a-PS in trans-decalin, and a-PMMA in acetonitrile, respec-
tively.
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ds3FG~0;s22s1!G~0;s32s2!^R2&02E R2P0~R,0s1s2,0s2s3;L !dRG1fl , ~A5!
where the subscript 0 refers to the unperturbed value ~with-
out excluded volume!, the symbol 0s1s2 means that Rs1s2
50, P0(R,Rs1s2;L) is the ~unperturbed! distribution func-
tion of R (5R0L) and Rs1s2 for the chain of contour length
L , and so on with Rs1s2 being the vector distance between
the contour points s1 and s2 . The squared end-distance ex-
pansion factor aR
2 may then be given, from Eq. ~A5!, by
aR







D ~lL !1/21fl , ~A6!
where K(L) and K3(L) are the dimensionless coefficients as
functions of ~reduced! L , the former being given by Eq. ~23!
and the latter by














2E R2 P0~R,0s1s2,0s2s3;L !dRG . ~A7!
In Eq. ~A7! and in what follows, all lengths are measured in
units of l21 unless otherwise noted, for simplicity. The co-
efficient K3(L) should converge to a constant independent of
L in the limit of L→‘ . If it did not, the third term on the
right-hand side of Eq. ~A6!, which represents the contribu-
tion of three-segment interactions, would diverge faster than
the second. We note that K3(L) vanishes in the limit of L
→0, since G(0;s) converges to 0 in the limit of s→0 faster
than sm and since P0(R,0s1s2,0s2s3;L) converges to 0 in the
limit of us22s1u→0 ~or us32s2u→0) faster than us22s1un
~or us32s2un), where m and n are arbitrary positive integers.
The coil-limiting value of K3(L) in the limit of L→‘
may be evaluated as follows. Equation ~A7! may be rewrit-
ten in the form













3 H c‘~s32s1! G~0;s22s1!G~0;s32s2!2~c‘L2^R2&0!G~0;s22s1!G~0;s32s2!
2F E R2P0~R,0s1s2,0s2s3;L !dR2c‘~L2s31s1!G~0;s22s1!G~0;s32s2!G J . ~A8!
Considering the facts that G(0;s) has the above-mentioned
asymptotic form in the limit of s→‘ , that ^R2&0 becomes
c‘L in the limit of L→‘ ,2 and that
*R2P0(R,0s1s2,0s2s3;L)dR becomes c‘@L2(s3
2s1)#G(0;s22s1)G(0;s32s2) in the limit of L2(s32s1)
→‘ , it can be shown that the coil-limiting value arises only
from the first term in curly brackets on the right-hand side of
Eq. ~A8!, so that the symptotic form of K3(L) may be given
by
K3~L !52@L21/2 f 1~L !2L23/2 f 2~L !#1O~L21/2!, ~A9!
where f 1(L) and f 2(L) are given by



















The respective Laplace transforms f˜1(p) and f˜2(p) of f 1(L)
and f 2(L) in the vicinity of p50 may be given by
f˜1~p !5p1/2S 2pc‘3 D
3/2
G˜ ~0;0 !p23/2, ~A12!
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f˜2~p !5
p1/2
2 S 2pc‘3 D
3/2
G˜ ~0;0 !p25/2, ~A13!
where G˜ (0;0) is the Laplace transform G˜ (0;p) of G(0;s) at







Substitution of f 1(L) and f 2(L) obtained by Laplace inver-




From Eq. ~A6! with Eq. ~A15!, we obtain Eq. ~37!,
where the dimensionless coefficient C(L) as a function of
~reduced! L is defined by
C~L !5L1/2@2I~‘!K~L !2K3~L !# . ~A16!
We note that C(L) approaches a constant independent of L
in the limit of L→‘ and vanishes in the limit of L→0.
Finally, for practical use, we construct an approximate
formula for the factor I(L) given by Eq. ~A3!, assuming the
approximate expession for G(0;s) for the KP chain given
by6
G~0;s !528.01s25 exp~27.027s2110.492s ! for 0<s<3.075
50.01~4.70621.844D10.4185D220.03791D3! for 3.075,s,7.075
5S 32ps D
3/2S 12 58 s21D for 7.075<s ~A17!
with D5s23.075 as in the case of K(L). ~This assumption
has been justified.2,6! With values of I(L) obtained by nu-
merical integration of G(0;s) and sG(0;s) for 0<L
<3.075, we have constructed the desired formula, Eq. ~36!.
We note that the error in the value of I(‘)2I(L) calculated
from Eq. ~36! in the range of 0<L<3.075 does not exceed
0.15%.
1 H. Yamakawa and T. Yoshizaki, J. Chem. Phys. 118, 2911 ~2003!.
2 H. Yamakawa, Helical Wormlike Chains in Polymer Solutions ~Springer,
Berlin, 1997!.
3 H. Yamakawa, Modern Theory of Polymer Solutions ~Harper & Row,
New York, 1971!, its electronic edition is available on-line at the
URL: http://www.molsci.polym.kyoto-u.ac.jp/archives/redbook.pdf
4 J. P. Hansen and I. R. McDonald, Theory of Simple Liquids, 2nd ed.
~Academic, London, 1986!.
5 H. Yamakawa and J. Shimada, J. Chem. Phys. 83, 2607 ~1985!.
6 J. Shimada and H. Yamakawa, J. Chem. Phys. 85, 591 ~1986!.
7 H. Yamakawa, Macromolecules 25, 1912 ~1992!.
8 Y. Einaga, F. Abe, and H. Yamakawa, Macromolecules 26, 6243 ~1993!.
9 H. Yamakawa, J. Chem. Phys. 45, 2606 ~1966!.
10 B. J. Cherayil, J. F. Douglas, and K. F. Freed, J. Chem. Phys. 83, 5293
~1985!.
11 Y. Nakamura, T. Norisuye, and A. Teramoto, Macromolecules 24, 4904
~1991!.
12 W. G. McMillan and J. E. Mayer, J. Chem. Phys. 13, 276 ~1945!.
13 V. I. Harismiadis and I. Szleifer, Mol. Phys. 81, 851 ~1994!.
14 J. Dautenhahn and C. K. Hall, Macromolecules 27, 5399 ~1994!.
15 P. G. Bolhuis, A. A. Louis, J. P. Hansen, and E. J. Meijer, J. Chem. Phys.
114, 4296 ~2001!.
16 S. D. Stellman and P. J. Gans, Macromolecules 5, 516 ~1972!.
17 S. D. Stellman, M. Froimowitz, and P. J. Gans, J. Comput. Phys. 7, 178
~1971!.
18 M. Matsumoto and T. Nishimura, ACM Trans. Model. Comput. Simul. 8,
3 ~1998!, see also the URL: http://www.math.keio.ac.jp/matumoto/
emt.html
19 O. F. Olaj, B. Neubauer, and G. Zifferer, Macromolecules 31, 4342
~1998!.
20 O. Kratky and G. Porod, Recl. Trav. Chim. Pays-Bas 68, 1106 ~1949!.
21 T. Konishi, T. Yoshizaki, T. Saito, Y. Einaga, and H. Yamakawa, Macro-
molecules 23, 290 ~1990!.
22 T. Konishi, T. Yoshizaki, and H. Yamakawa, Macromolecules 24, 5614
~1991!.
23 W. Bruns, Macromolecules 22, 2829 ~1989!.
24 H. Yamakawa and W. H. Stockmayer, J. Chem. Phys. 57, 2843 ~1972!.
25 C. Domb and A. J. Barrett, Polymer 17, 179 ~1976!.
26 P.-G. de Gennes, Scaling Concepts in Polymer Physics ~Cornell Univer-
sity, Ithaca, NY, 1979!.
27 H. Yamakawa, F. Abe, and Y. Einaga, Macromolecules 27, 3272 ~1994!.
28 Y. Nakamura, N. Inoue, T. Norisuye, and A. Teramoto, Macromolecules
30, 631 ~1997!.
29 D. A. McQuarrie, Statistical Mechanics ~Harper & Row, New York,
1973!.
30 H. Benoit and P. Doty, J. Phys. Chem. 57, 958 ~1953!.
31 H. Yamakawa, F. Abe, and Y. Einaga, Macromolecules 27, 5704 ~1994!.
32 F. Abe, Y. Einaga, and H. Yamakawa, Macromolecules 27, 3262 ~1994!.
33 F. Abe, Y. Einaga, and H. Yamakawa, Macromolecules 28, 694 ~1995!.
34 F. Abe, Y. Einaga, T. Yoshizaki, and H. Yamakawa, Macromolecules 26,
1884 ~1993!.
35 Y. Tamai, T. Konishi, Y. Einaga, M. Fujii, and H. Yamakawa, Macromol-
ecules 23, 4068 ~1990!.
1270 J. Chem. Phys., Vol. 119, No. 2, 8 July 2003 H. Yamakawa and T. Yoshizaki
Downloaded 06 Mar 2008 to 130.54.110.22. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
